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The global void ratio e is a poor index of contact density for such soils. The contact density depends on void ratio, fine grain 
content (CF), size disparity between particles, and gradation among other factors. A simple analysis of a two-sized particle 
system with large size disparity is used to develop an understanding of the effects of CF , e, and gradation of coarse and fine 
grained soils in the soil mix on intergrain contact density. An equivalent intergranular void ratio (ec)eq is introduced as a useful 
intergrain contact density for soils at fines content of less than a threshold value CFth. Beyond this value, an equivalent interfine 
void ratio (ef)eq is introduced as a primary intergrain contact density index. At higher values of CF beyond a limiting value 
of fine grains content CFL, an interfine void ratio ef is introduced as the primary contact density index. Relevant equivalent 
relative density indices (Drc)eq and (Drf)eq are also presented. Experimental data show that these new indices correlate well 
with steady state strength, liquefaction resistance, and shear wave velocities of sands, silty sands, sandy silts, and gravelly 
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1  Introduction

Recent earthquake case histories indicate that 
natural soils and man-made sandy deposits containing 
a significant amount of fine grains (silty sands, clayey 
sands) and/or gravel liquefy and cause lateral spreading 
(Seed et al. 1983, Seed and Harder 1990, JGS 1996). 
Experience gained from past studies on clean sands 
does not always directly translate to such broadly 
graded granular soil mixes. Recognition of this has 
lead to several laboratory and field studies to evaluate 
the effects of increasing silt or gravel content on: (a) 
cyclic strength, (b) collapse potential, (c) steady state 
strength, (d) shear wave velocity, etc. Laboratory studies 
on clean sands mixed with non-plastic silts or plastic 
fines show that, at the same (global) void ratio, the 
steady state strength and cyclic strength of silty sand 
decrease with an increase in fines content (Chang, 1990; 
Chameau and Sutterer, 1994; Georgiannou et al., 1990, 
1991a, 1991b; Vaid, 1994; Koester, 1994; Pitman et al., 
1994; Singh, 1994; Yamamuro et al., 1999; Zlatovic 
and Ishihara, 1995, 1997). Beyond a certain transition 
range, this trend reverses and the strength increases with 

a further increase in fines content. The transition fines 
content range is about 20 to 30% for non-plastic fines 
(Vaid, 1994; Kuerbis et al., 1989; Singh, 1994; Koester, 
1994). It is less than 20% for clayey fines (Georgiannou 
et al. 1990, 1991a, 1991b). The physical meaning of 
the transition fines content is not clear. The conclusions 
in the literature on whether the presence of fines is 
beneficial or not are contentious. No consensus exists 
on how to characterize liquefaction resistance, collapse 
resistance, and post-liquefaction strength of silty sands 
and sandy silts. Similar concerns prevail regarding 
gravely soils (Evans and Zhou, 1995).

Taking a different approach, field performance 
studies have sought to solve this problem by correlating 
SPT blow counts, CPT data, and shear wave velocity 
measurements with observations of liquefied sites and 
back-calculated post-liquefaction residual strength of 
failed embankments. Their use in practice relies on such 
intuitive reasoning as the impeding drainage effect of 
fines on SPT blow counts and/or their relationship with 
relative density (Seed et al., 1983; Seed, 1987; Seed and 
Harder, 1990; Robertson and Wride, 1997; Andrus and 
Stokoe, 1997). There are variations as well on the nature 
of such relationships (Stark and Mesri, 1992; Ishihara, 
1993; Baziar and Dobry, 1995). Questions prevail 
among practicing engineers on broad applicability of the 
field correlations to all (new) sites.

Recently, new and/or additional thoughts concerning 
the relative roles of various particles in silty/gravely 
soils have been put forward to explain the observed 
behavior of such granular mixes (Thevanayagam, 1998; 
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Thevanayagam and Mohan, 2000). The underlying idea 
is that the physical nature of silty sands and gravely 
sands is entirely different from clean sand. As the void 
ratio and proportion of the coarse and fine grains content 
of these soils change, the nature of their microstructure 
also changes. The relative participation of the particles 
of very different sizes in the internal interparticle 
contact force chain also changes. The global void 
ratio can be a reasonably good state parameter only if 
it correlates well with the internal force chain within 
the soil mass. Although it has been used as one of 
the primary state variables, starting from as early as 
Terzaghi, in the critical state soil mechanics theories 
(Roscoe et al., 1958, 1963), its broader application 
for all soils ranging from clean sands to sandy silts 
and gravely soils is not fully satisfactory. Due to the 
particle size disparity and availability of pores larger 
than some particles, some particles may remain inactive 
or move between pores without significantly affecting 
or contributing to the force chain, yet they contribute 
to the global void ratio. Alternately, when there are 
sufficient fine grains, the coarse grains are dispersed 
and contribute much less to the force chain than to the 
global void ratio. Global void ratio turns out to be a 
weak parameter to represent the internal force chain. In 
general, the stress-strain behavior is affected by a critical 
combination of intergranular and interfine contacts and 
the physical and physico-chemical interactions thereof. 
The combined effects of intergranular and interfine 
contacts must be delineated in dealing with silty sands 
and gravely soils in understanding their mechanical 

response and mechanisms leading to liquefaction and 
post-liquefaction deformation.

This paper focuses on the nature of the microstructure 
of granular mixes containing coarse and fine grains. A 
simple approach for classification of such soils, with 
due consideration of the contributions of coarse and 
fine grains to the mechanical response of these soils 
is presented. A set of contact density indices, namely 
equivalent intergranular void ratio (ec)eq, equivalent 
interfine void ratio (ef)eq, and interfine void ratio (ef) is 
proposed as the primary indices of contact density for 
mixes containing low, intermediate, and high  fine grain 
contents, respectively. These indices are expressed in 
terms of global void ratio, fines content, and gradation 
characteristics of the soil. These indices can be used for 
interpretation of the behavior of gap-graded granular 
mixes in a consistent framework. A companion paper 
(Thevanayagam, 2007) presents a detailed experimental 
evaluation of this framework to characterize liquefaction 
resistance of sands and non-plastic silty soils.

2  Framework

2.1   Microstructure

Consider a granular mix containing two distinct 
sizes of spherical particles of diameters d and D, 
respectively (Fig.1). Microstructure of this granular 
mix can be constituted by many different ways. Each 
microstructure leads to a different particle contact 

Fig. 1   Intergranular soil mix classification

b= Portion of the fine grains that cotribute to the active intergrain contacts: e=global void ratio: CF=fine grains content
CFth=Threshhold fine grains content, CFth<(100e/emax,HF)%; CF1=limit fines content, CF1>100(1−π(1+e)/(6s3))%>CFth
m: Reinforcement factor; Rd=D/d=particle size disparity ratio; s=1+a/Rd, a=10; emax,HF: the maximum void ratio of host fine
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network and corresponding internal force chain 
network along contacts between particles. Hence, each 
microstructure exhibits a different stress-strain response 
and mechanical behavior. Among many variations, a few 
extreme limiting categories of possible microstructure 
are as follows. 
2.1.1 Case i

The first category in Fig.1(a) occurs when the fine 
grains are fully confined within the void spaces between 
the coarse-grains with no contribution whatsoever in 
supporting the coarser grain skeleton. This requires 
that the fine grain particle size (d) is much smaller than 
the pore size between the coarse grains. The particle 
size disparity Rd (=D/d) must be greater than about 
6.5 (Appendix I). It is also essential that the fine grain 
content (CF) is less than a certain threshold value (CFth) 
such that the inter-coarse grain voids are not completely 
filled with the fine grains making it impossible to make 
contact force chain among the fine grains themselves. 
The threshold state occurs when CF is sufficiently high 
so that direct fine-grain-to-fine-grain contacts begin to 
constitute a strong force chain. Soil microstructure that 
satisfies the two constraints (CF<<CFth and Rd>>6.5) 
is categorized as case i in this paper. CFth is given by 
(Appendix II):

C e
eFth

HF

≤ 100

max,

%                             (1)

where emax,HF is the maximum void ratio of the host fine 
grain soil.

 Consider changing the microstructure shown for 
case i in two ways: (1) alter the position of some of the 
fine grains, or (2) add more fine grains. The consequences 
are significant.
2.1.2 Cases ii and iii

If one alters the position of some of the fine 
grains while maintaining the fine grain content, the 
microstructure corresponding to cases ii and iii in 
Fig.1(a) are obtained with a concurrent increase in 
global void ratio. Essentially, the microstructure for 
these cases is made up of a coarse grain skeleton where 
some of the coarse grain contacts are separated by the 
fine grains while some fine grains are confined within 
the voids between the coarse grains. Hence, a portion of 
the fine grains becomes active participants in the internal 
contact force chain.  These fine grains are termed the 
‘separating fines’.
2.1.3 Case iv

If FC exceeds sufficiently beyond CFth, the fourth 
category (Fig.1(b)) occurs naturally. The fine grains 
make active contacts among themselves while the coarse 
grains become gradually dispersed and act as embedded 
reinforcement elements within the fine grain matrix until 
they are separated sufficiently apart. This occurs until 
limiting fines content CFL, beyond which the effects of 
coarse grains is negligible and the behavior of the soil 
mix is entirely governed by the fine-grain-to-fine-grain 

contact. The transition zone between CFth and CFL is 
called case iv 2 and the zone corresponding to CF>CFL is 
called case iv-1. The CFL is given by (Appendix III):
  

C e
s

CFL Fth≥ − +







 >100 1 1

6 3

π ( ) %            (2)

where s=1+a(d/D)=1+a/Rd, and a is a constant, 
approximately equal to 10. 
2.1.4 Case v

The fifth category (Fig.1(c)) occurs when the coarse 
and fine grains constitute a fully layered system. This 
is called case v. It is also possible to create a composite 
system that contains some of the cases i through v. 

2.2   First order indices of active contacts

Contact is the mechanism by which particles 
in granular media compose the internal force chain 
network, in the absence of inter-particle gravitational 
and physio-chemical force fields. The latter is relevant 
for soils containing plastic fines. Stress-strain response, 
strength, compressibility, and modulus are dictated by 
the nature of this network.  A primary index parameter 
that represents the density of active contacts (per grain) is 
essential to deduce the mechanical response of granular 
mixes. Physics imposes certain space constraints to the 
motion of particles. Two objects cannot occupy the 
same space at the same time. This imposes a kinematic 
constraint on how the contacts and therefore the internal 
force chain would evolve with subsequent deformation 
involving motion of particles. Although the particles 
that are actively in contact constitute the force chain, the 
inactive grains also have a secondary influence on the 
evolution of the force chain by imposing kinematic space 
constraints to the motion of the active grains. Physically, 
void ratio is an index of mass (solid volume) density. 
It is a good index for space constraints. However, for 
certain arrays of spherical particles of equal size, it also 
becomes an index of active contact density. For other 
particle shapes and packing, it is only a crude index of 
active contacts. It is not expected to hold as a unifying 
index from one sand to another. It is only a secondary 
index of active contacts.
2.2.1 Intergranular (ec) and interfine (ef) void ratios

A first order solution is to consider a granular mix 
as a composite matrix consisting of two skeletons, the 
coarse grain skeleton and fine grain skeleton, identify 
the particles that do not actively participate in the 
force chain (in Fig.1), and define an index void ratio of 
active contacts excluding the aforementioned particles. 
For the cases i through iii (CF<CFth), if all fine grains 
are considered to be inactive and voids, the resulting 
intergranular void ratio ec (Mitchell, 1993; Vaid 1994) 
is given by: 

  e e c
cc

f

f

=
+
−1                                     (3)
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where cf=CF/100. The ec is also known as the sand 
skeleton void ratio in the literature (Kuerbis et al., 
1989). For case iv (CF>CFth), if the effect of coarse grain 
is completely neglected, the relevant interfine contact 
void ratio (Thevanayagam, 1998) is given by:

  e e
cf

f

=                                    (4)

In both cases, the specific gravities of the coarse 
and fine grains are assumed to be nearly the same. The 
underlying tenet is that the soil behavior is governed by 
the coarse grain skeleton alone in cases i through iii and 
it is governed by the fine grain skeleton alone in case 
iv. But this tenet is fundamentally flawed because the 
neglected fine and coarse grains in cases i through iii 
and iv, respectively, influence the global mechanical 
response. For cases i through iii, although it may be 
possible to use ec as an index of active contacts, it is 
expected that the mechanical behavior of such mixes 
would be stronger than the host coarse grain soil at the 
same ec.  Similarly, for case iv, the mechanical response 
of a granular mix is expected to be stronger than the 
host fine grain soil at the same ef. The magnitude of ef in 
cases i through iii, and ec in case iv may be used as the 
secondary indices to assess the degree of such secondary 
influences. A set of equivalent contact indices (ec)eq and 
(ef)eq that reflect the primary and secondary influences 
together is necessary for characterization of granular 
mixes.

2.3   Second order indices of active contacts

2.3.1 Equivalent intergranular void ratio, (ec)eq
At CF<CFth, the influence of fine grains supporting 

the coarse grain skeleton and the kinematic constraints 
that the fine grains confined within the voids impose on 
the deformation of the coarse grain skeleton must be 
accounted for in devising an equivalent index of active 
contacts. The amount of fine grains that contributes to 
the force chain would depend on pore size distribution 
within the coarse grain skeleton, particle shape 
characteristics, and the size disparity ratio Rd. Denoting 
the portion of the fine grains contributing to the force 
chain by ‘b’, the relevant equivalent intergranular 
contact index void ratio (ec)eq is given by 

  ( ) ( )
( )

e e b c
b cc eq

f

f

=
+ −
− −

1
1 1

                        (5)

where 0<b<1. From a physical point of view, b=0 means 
that none of the fine grains contribute to the force chain 
and b=1 means that all fine grains contribute to the force 
chain. Also, when Rd=1, b would be 1 and when Rd is 
very large, b would tend to be zero. For a broadly graded 
mix, b depends on Rd and gradation of the fine and 
coarse grain soils contained in the mix (Thevanayagam 

et al., 2003; Kanagalingam and Thevanayagm, 2006).
2.3.2 Equivalent interfine void ratio (ef)eq

At CFth<CF<CFL, the global void ratio e overestimates 
the actual density of active contacts in the granular mix. 
This is because the dispersed coarse grains in the mix 
do not contribute as many active contacts as if the soil 
was prepared at the same void ratio by substituting each 
coarse grain by an equal (solid) volume of fine grains. 
The reason is that solid volume of a dispersed coarse 
grain, which directly influences the global void ratio, 
grows in proportion to the power of three of particle size. 
Surface area, which influences the nature of contacts 
with the surrounding fine grains, grows in proportion 
to the power of only two. For equal solid volume, the 
substituted fine grains have a larger surface for contact 
than a dispersed coarse grain of equal (solid) volume 
embedded in the fine grain medium. The density of 
contacts in the mix is smaller than in the fine grain soil 
at the same e. The use of ec as an index of active contacts 
is also not valid since it completely ignores the existence 
of interfine grain contacts. It grossly underestimates the 
active contacts. Similarly, the interfine void ratio ef also 
underestimates the active contacts, since it completely 
ignores the contribution by the dispersed coarse grains 
to the contact force chain.

One way to theoretically quantify the effect of each 
dispersed coarse grain on the macro response of the mix 
is to estimate the effective number of active contacts it 
makes with the fine grains surrounding it and simply 
replace each dispersed coarse grain in the mix by an 
equivalent number of fine grains that will make the 
same number of active contacts made by the coarse 
grains. The equivalent void ratio (ef)eq of the resulting 
equivalent fine grain medium is taken as the index of 
active contacts, leading to (Appendix IV):

( )
( ) max,e e

c c
R

e e
m

f eq

f
f

d

f HF=
+ −
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


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










< ≤
1

       ec>emax,HC 

    (6)

where m= a coefficient satisfying 0<m<1 and it depends 
on grain size and shape characteristics, gradation, and 
packing (Kanagalingam and Thevanayagam, 2006). An 
expression for m for a few special cases of spherical or 
disc shaped particles is presented in Appendix IV. An 
experimental determination of m is most preferred.

2.4   Minimum void ratios of granular mixes

Conceptually, Fig.2 shows the regions belonging to 
the four cases i through iv and the transition boundaries 
between these cases. The absolute lower bound lines for 
minimum void ratio of the granular mix emin is obtained 
by substituting ec= emin,HC and  ef= emin,HF in Eqs. 3 and 4, 
respectively. These limits are given by:
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e e c cmin min, [ ]= − −HC f f F F1 for < thC C              (7a)

e e cmin min, [ ]= HF f F Ffor >  thC C             (7b)

These are shown in Fig.2 However, due to the 
constraints presented by the presence of fine grains, in 
the case of CF<CFth, and due to constraints presented by 
the coarse grains, in the case of CFth<CF<CFL, the emin is 
expected to be higher than the values given by Eq.(7). 
The emin could be obtained by substituting (ec)eq = emin,HC 
and (ef)eq = emin,HF  in Eqs.(5) and (6), respectively. This 
leads to:  

   
e e b c b cmin min, [ ( ) ] ( )= − − − −HC f f1 1 1 for <F FthC C

(8a)

e e c c
Rmmin min,

( )
=

−







HF f

f

d

1 for < <Fth F FLC C C (8b)

e e cmin min, [ ]= HF f for >F FLC C                               (8c)

2.5   Maximum void ratios of granular mixes 

If the fine grains in the soil mix are fully confined 
within the intergranular voids or if the coarse grains are 
fully dispersed, with no influence on the maximum void 
ratio emax of the soil mix, the emax could be obtained by 
substituting ec=emax,HC and ef= emax,HF in Eqs. (3) and (4), 
respectively. On the other hand, if the soil mix is a fully 
layered system of coarse grained soil and fine grained 
soil, the emax profile is given by the line connecting 

the coordinates (emax,HC,0) and (emax,HF,100) in Fig.2. 
These are the two limiting cases for emax of a granular 
mix. However, due to interactions between coarse and 
fine grains and its influence on emax, it is obtained by 
substituting (ec)eq = emax,HC and (ef)eq =emax,HF, in Eqs. (5) 
and (6), respectively. It leads to:

e e b c b cmax max, [ ( ) ] ( )= − − − −HC f f1 1 1            (9a)

      

e e c c
Rmmax max,

( )
= +

−







HF f

f

d

1
                         (9b)

2.6   Equivalent relative densities

Considering that intergrain contact density and 
contact force chain network are primary factors that 
affect the mechanical stress-strain response of a soil, 
and based on the equivalent void ratio concept which 
accounts for contact density of grains in a soil mix, a 
soil mix at a fines content of less than CFth would be 
expected to behave similar to a coarse grained soil 
prepared using the host coarse grains at a void ratio 
equal to (ec)eq. Similarly, a soil mix at fines content 
greater than CFth would be expected to behave similar 
to a fine grained soil prepared using the host fine grains 
at a void ratio equal to (ef)eq. This concept would allow 
the study of granular mixes in a consistent framework. 
If one were to study more than one granular mix, each 
made of a different pair of coarse grain sizes and/or fine 
grain sizes, then the equivalent void ratio concept would 
be applicable for each soil mix at different fine grains 
content, individually. If one were to study the entire 
group, an appropriate equivalent relative density index 
is more appropriate. When comparing the behavior of a 
mix with other soil mixes prepared by mixing other host 
grains, the equivalent intergranular and interfine contact 
relative densities, (Drc)eq and (Drf)eq, as defined below 
may be used as the contact indices:

( )
( ( ) )
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max,
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D
e e
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This framework presents a unified way to study 
the behavior of granular mixes using a consistent set 
of contact density indices. A brief analysis of this 
framework using experimental data is presented below.Fig. 2   Conceptual diagram for cases i through iv, emax, emin, 
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3   Experimental evaluation

In order to evaluate the effectiveness of this 
framework, and the utility of the contact density indices 
to characterize the mechanical properties of granular 
mixes, several experiments were conducted on a number 
of different sand-silt mixes constituted at different silt 
contents ranging from 0 to 100%. These experiments 
included undrained triaxial tests, cyclic triaxial tests, 
and tests to obtain emin and emax of these soils. Details of 
these tests and the data are presented in Thevanayagam 
et al. (2002, 2003), Kanagalingam (2006) and Shenthan 
(2006). Further experimental data available from the 
literature were also collected and analyzed. Table 1 
summarizes the relevant sources of these data and the 
soils involved in this evaluation. 

3.1   Minimum and maximum void ratios

As a first step, Fig.3 shows the minimum and 
maximum void ratios measured for Ottawa sand – silt 
mixes at silt contents ranging from 0 to 100%. Details of 
the tests and the data are presented in Thevanayagam et 
al. (2003) and Kanagalingam (2006). Also shown in this 
figure are the theoretical limiting lines for emin and emax 
given by Eqs. (7) through (10). The lines corresponding 
to CFth and CFL given by Eqs.1 and 2, respectively, are 
also shown in this figure. In general, the maximum and 
minimum void ratio lines closely follow the theoretical 
limits. Such observations were found for several other 
soils as well (Thevanayagam et al., 2003).  These 
comparisons indicate a general validity of the framework 
presented in this paper.

3.2   Steady state line

Figures 4(a)-(b) present the steady state data (p´ss = 
(σ´1+2σ´3)/3) obtained from triaxial compression tests on 
initially isotropic consolidated specimens for OS-F55 
sand-silt mixes. Figure 4(a) shows the data for CF<CFth 

and Fig.4(b) shows the data for CF>CFth and plotted 
against (ec)eq and (ef)eq, respectively. The data for all silty 
sands for CF up to CFth fall in the vicinity of the data for 
the respective host clean sands. The data for all sandy 
silts for CF beyond CFh fall in the vicinity of the data 
for the respective host silt. Although not shown in this 
paper, no unique relationship was found between p’ss 
and the global void ratio e (Thevanayagam et al., 2003), 
indicating that the global void ratio is not an appropriate 
index for characterizing steady state response of granular 
mixes.

Figures 5(a)-(b) show the steady state data for two 
different granular mixes (OS-F55 sand-silt mix and 
FJ#80 sand-silt mix) plotted against equivalent relative 
density (Drc)eq and (Drf)eq for CF<CFth and CF>CFth, 
respectively. The data for both mixes fall in a narrow 
band surrounding the data for the host coarse and fine 
grain soils, respectively. 

Table 1   Soils used for evaluation

Coarse grain Fine grain Test type CF (%) D50 (mm) Rd b m Raw data

OS-F55 sand Crushed silica 
fines

CIU-TC

CIU-CT
0 to 100 0.25 25.0

0.25

0.35
0.65 Thevanayagam 

et al., 2003

FJ#80 sand Crushed silica 
fines

CIU-TC and

CIU-CT
0 to 100 0.18 18.0

0.30

0.65
- Thevanayagam 

et al., 2003

Monterey 
0/30 sand Yatesville silt CIU-CT 0 to 100 0.43 14.3 0.25 0.45 Polito and 

Martin, 2001
Yatesville 

sand Yatesville silt CIU-CT 0 to 100 0.18 6.0 0.60 0.60 Polito and 
Martin, 2001

Gravel Tone river sand Shear wave 
velocity 25 to 100 - 25 - 0.55 Kokusho et al., 

1995
Note: CIU-TC = isotropic consolidated undrained triaxial compression, CIU-CT = isotropic consolidated undrained cyclic 
triaxial. Different b values are reported for CIU-TC and CIT-CT

Fig. 3   emax, emin, CFth and CFL for OS-F55 sand-silt mix
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3.3   Liquefaction resistance

Figures 6(a)-(b) show the energy per unit volume of 
soil (EL at 5% double amplitude axial strain) required to 
cause liquefaction versus (ec)eq and (ef)eq for CF<CFth and 
CF>CFth, respectively, for the OS-F55 sand-silt mix. The 
specimens were initially isotropically consolidated to 
100 kPa and subjected to stress-controlled cyclic triaxial 
tests at a cyclic stress ratio (CSR) RCS of 0.2. Figures 
7(a)-(b) show RCS  required to trigger liquefaction in 15 
cycles, for two different sand-silt mixes (Monterey 0/30 

sand-silt and Yatesville sand-silt), plotted against (Drc)eq 
for  CF<CFth and (Drf)eq for CF>CFth, respectively. The 
specimens in this case were also initially isotropically 
consolidated. The raw data for these soils were 
obtained from Polito and Martin (2002). The data for 
both sandy silts (CF>CFth) fall in the vicinity of the 
host silt (Yatesville silt) irrespective of the sand grain 
characteristics. In general, the data for silty sands for CF 
less than CFth fall in a narrow band near the data trend for 
the respective host sands.

Fig. 4   p´ss vs (ec)eq and (ef)eq (Note: OS-15=OS-F55 sand with 15% silt)
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Fig. 6   EL versus (ec)eq and (ef)eq at RCS=0.2
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3.4   Shear wave velocity

Figure 8 shows the normalized shear wave velocity 
corresponding to 100 kPa confining stress for gravelly 
sands containing up to 75% gravel plotted against (ef)eq. 
The raw data for these soils were obtained from Kokusho 
et al. (1994). In this case, sand was considered as the fine 
grain and gravel as the coarse grain to obtain (ef)eq using 
Eq.(6). The data for a sand-gravel mix fall in a narrow 
band surrounding the data for sand.

3.5   Effect of gradation on parameters b and m

Table 1 also shows the values for parameters b and m 
for each of the sand mixes. It was considered that b and 
m are influenced by the gradation of the coarse and fine 
grain soils involved in the soil mixes (Thevanayagam 
et al., 2003; Kanagalingam and Thevanayagam, 2006; 
Ni et al., 2004). To evaluate this hypothesis, the values 
of m and b were plotted against an index representing the 
gradations of the soils. Fig.9 shows this relationship for 
b and m with Cuc, Cuf, and Rd50 (=D50/d50), where Cuc and 
Cuf are the coefficients of uniformity of the respective 
coarse and fine grain soils contained in each soil mix.

4   Conclusions
Based on a study of a granular mix made of two 

distinct size of particles with large size disparity 
between them, a framework for development of 
contact density indices for a granular mix is presented. 
This framework takes into account qualitatively the 
contributions of the coarse grains and fine grains to 
the global intergrain contact density and contact force 
network. The contributions by the coarse and fine grains 
to the mechanical response depend on fines content, size 
disparity between fines and coarse grains, global void 
ratio, and gradation of the coarse and fine grain soils 
present in the granular mix. 

Broadly, there exist three zones of soil behavior:
(a) one that is governed primarily by the coarse 

grain skeleton with a little contribution by the fine grains 
at FC less than a threshold value CFth, 

(b) one that is governed by the fine grain skeleton at 
fines content above a limiting value CFL, and 

(c) one that is governed primarily by the fine 
grains with a little contribution by the coarse grain at an 
intermediate range of CF between CFth and CFL. 

The contact index void ratios for these three cases are 
(ec)eq, ef, and (ef)eq, respectively. Theoretical expressions 
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for these indices and the transition fines contents 
CFth and CFL are also presented. They are expressed 
in terms of global void ratio, fines content, and soil 
gradation characteristics. Theoretical expressions for 
the maximum and minimum void ratios of granular 
mixes have also been presented. A set of equivalent 
intergranular and intefine relative densities (Drc)eq and 
(Drf)eq, have been presented as useful index to study a 
broad range of granular mixes.

Experimental evaluation of this framework using 
data for minimum and maximum void ratios of granular 
mixes, steady state strength, liquefaction resistance, 
shear wave velocity for a variety of sands, silty sands, 
sandy silts, and gravelly sands shows that in general 
the framework is valid. The mechanical response of a 
granular mix at fines content of less than CFth is similar 
to the host coarse grain soils prepared at a void ratio 
equal to (ec)eq or relative density (Drc)eq. The mechanical 
response of a granular mix at fines content greater than 
CFth is similar to the host fine  grain soils prepared at a 
void ratio equal to (ef)eq or relative density (Drf)eq.

Note that the framework presented herein pertains 
to gap-graded soil with large particle size disparity. 
Therefore, any extrapolations to well graded soils must 
be done carefully. Furthermore, this framework does not 
explicitly include effects such as cementation that may 
be found in field soils. It may be modified accordingly 
using appropriate values for the parameters b and m.
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Notations
The following symbols are used in this paper.
CPT= cone penetration test
Cuc = uniformity coefficient of coarse-grained soil
Cuf = uniformity coefficient of fine-grained soil
d= diameter of fine grains
D= diameter of coarse grains
Dr= relative density
(Drc)eq= equivalent intergranular relative density
(Drf)eq= equivalent interfine relative density
EL = energy required to cause liquefaction per unit vol 
of soil.
e = global void ratio
ef= interfine void ratio
ec = inter-coarse granular void ratio
(ec)eq= equivalent intergranular void ratio
(ef)eq= equivalent interfine void ratio
(ec)th= threshold inter-coarse granular void ratio
emax= maximum void ratio
emax,HC= maximum void ratio of the host coarse grains
emax,HF= maximum void ratio of the host fine grains
emin= minimum void ratio
emix,HC= minimum void ratio of the host coarse grains
emix,HF= minimum void ratio of the host fine grains
CF = fine grains content
CFth= threshold fine grains content
CFL= limiting fine grains content
NL= number of cycles to cause initial liquefaction
p= mean effective stress
q= deviatoric stress
Rd= particle size disparity ratio
SPT = standard penetration test

Appendix I: Particle size disparity constraint (Rd)

Consider a two-size spherical particulate system 
with size disparity Rd. If the fine grains were to remain 
confined within the coarse grain skeleton (case i), d 
must be smaller than the minimum possible pore throat 
opening between the coarse grains (Fig.I-1) for all 

Fig. I-1   Fully confined fines

Fine grain diameter = d;      Coarse grain diameter = D
d < D/6.46
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packing configurations:
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For real soils, however, for a number of reasons 
(shape, angularity, interlocking, packing, gradation, etc.) 
Rd must be much larger than 6.46. 

Appendix II: Threshold fines content, CFth

If the voids within the coarse grain skeleton in 
Fig.1(a) are not completely filled with the fine grains 
and Rd is large enough, then during deformation, the fine 
grains can move from one void space to another. For 
this to happen rather freely, the apparent interfine void 
ratio ef (=e/cf) in each pore space must be higher than 
a possible the emax,HF value corresponding to the loosest 
packing possible where the fine grains cannot sustain 
any shear stress; viz. e/cfth>emax,HF:
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Once the interfine grain void ratio drops below emax,HF 
the fine grains begin to make active contacts among 
themselves and begin to compose a strong internal force 
chain.

An accurate determination of CFth requires a detailed 
knowledge of pore geometry and the number of fine 
grain particles that could be placed loosely within each 
inter-coarse granular pore space. An approximate way 
to estimate CFth is to start with a unit solid volume of 
fine grain matrix packed at its loosest state (emax,HF) and 
introduce coarse grains into it at the desired coarse grain 
packing (and the corresponding ec) and remove the fine 
grains that each coarse grain displaces, without altering 
the fine grain packing and the  total volume of the mix 
(1+emax,HF). The e is altered as a result. The number of 
(full) fine grains Nd that each coarse grain displaces is an 
integer number between the number of (full) fine grains 
that can be contained at the loosest packing within a 
sphere of its size (D) and a sphere of size (D+2d).

If the CF at the end of the above process is CFth, global 
void ratio is e,  and the total volume of the mix is (1+emax,HF), 
then the solid volumes of the fine and coarse grains are 
[CFth(1+emax,HF)/(1+e)] and [(1-CFth)(1+emax,HF)/(1+e)], 
respectively. The total loss of fine grain solid volume 
from the initial state is [1- CFth(1+emax,HF)/(1+e)]. On 
the other hand, each coarse grain (solid volume=πD3/6) 
replaces a solid volume of [Ndπd3/6] of the fine grains. 
Hence, the amount of solid volume of fine grains 
replaced by coarse grains is {[(1-CFth)(1+emax,HF)/
(1+e)][Ndπd3/6]/[πD3/6]}[=Nd/(Rd)

3][(1-CFth)(1+emax,HF)/
(1+e)]. This must be equal to the total loss of fine grains 
{=[1- CFth(1+emax,HF)/(1+e)]}, leading to:
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Theoretically, for a simple cubic array of uniform sized 
spherical particles, the maximum void ratio emax,HF is 
0.91 (=6/π–1). The magnitude of Nd/Rd

3, estimated 
laboriously, is about 0.689 and 0.582 for Rd=16 and 32, 
respectively, and approaches π/6 for very large Rd. For 
other particle shapes Nd/Rd

3 asymptotically approaches 
1/(1+emax,HF). CFth increases with an increase in e and Rd 
and decreases with an increase in emax,HF. Hence, CFth can 
be smaller for silty sand prepared by mixing silt with a 
fine sand than a coarse sand. For plastic fines, the emax,HF 
can be high compared to a non plastic silt. CFth can be 
smaller for clayey sands compared to silty sands.

Appendix III: Limiting fines content, CFL

If the coarse grains were to play an insignificant role 
on the behavior of the granular mix, the spacing between 
the coarse-grains must be greater than a minimum value 
so that they do not influence the shearing along the fine 
grains. At spacing less than this, the coarse grains can 
have a reinforcing effect on the behavior of the granular 
mix somewhat similar to inclusion of short fibers in 
(clean) sand. The minimum spacing is governed by 
many constraints including: (1) microgeometry of the 
locus of motion of a fine grain, (2) thickness of the zone 
that a fine grain in motion influences, and (3) stress 
concentrations within the fine grain matrix in the vicinity 
of the coarse grains. Based on Roscoe’s observations 
(1970), the limiting center-to-center spacing between 
the coarse grains is about (D+10d). Let the CF at this 
state be CFL.

Assume that coarse grains are dispersed uniformly, 
in a simple cubic array within the fine-grain matrix, at 
a center-to-center spacing of sD. Consider a cube of 
size sD. The solid volume of the coarse grains in this 
cube =πD3/6. The total volume of the mix is ( )3 and 
the global void ratio is e. Using a simple phase diagram 
relationship, [πD3/6]/(sD)3=(1-cfL)/(1+e)} where cfL= 
CFL/100, leading to: 
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where s=1+a(d/D)=1+a/Rd where a=10 (approximately). 
Slightly different expressions may be found for different 
arrays. Simple cubic array, however, yields the largest 
spacing and therefore yields the largest CFL. Also, the 
corresponding limiting inter-coarse granular void ratio 
(ec)l is given by:



2πRt/arcsin[2/(Rd+1)]. Nc=[πRt(Rd+1)] for large Rd. Nf=6. 
Hence, Ne approaches [πRt(Rd+1)/6 = βRtRd, β=π/6(1+1/
Rd)<1.0 approaching π/6 for large Rd]. Assuming Rd = 
Rt, the equivalent fine grain solid volume per unit actual 
solid volume of the dispersed coarse grain is given by 
Ne(d/D)2(t/T)=π(Rd+1)/(6Rd

2) [=β/Rd], leading to (ef)eq:
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The (ec)l is the limiting coarse grain intergranular void 
ratio beyond which the coarse grains have little effect 
on the behavior of the fine grain matrix. Also note that 
case iii was defined as a state where the coarse grains 
are essentially separated by the fine grains, but the 
fine grains are still not dense enough. By setting s=1 
in Eq.(III-2), the corresponding threshold inter-coarse 
granular void ratio (ec)th is given by:

( ) .ec th = − =6 1 0 91
π

                      (III-3)

Theoretically this is also the maximum theoretical 
void ratio emax,HC for spherical particles arranged in a 
simple cubic array (p139, Mitchell 1993). For real soils, 
the emax,HC varies in the vicinity of 0.90±0.1 for other 
reasons and hence the magnitude of (ec)th would be equal 
to the corresponding emax,HC. 

Appendix IV: Interfine contact index (ef)eq

The (ef)eq is defined as the void ratio of the equivalent 
fine grain soil obtained by replacing each coarse grain in 
the granular mix by an equivalent number of fine grains 
(Ne) such that the total number of contacts in the medium 
remains the same. This void ratio is taken as the index of 
active contact density in the medium. 

For spherical particles, the equivalent fine grain solid 
volume added to the mix per unit solid volume of coarse 
grain removed from the matrix=(Neπd3/6)/(πD3/6)=
[Ne/(Rd)

3]. Neglecting the differences in specific gravities 
of solids, the net equivalent fine grain solid volume= 
[cf+(1-cf)Ne/(Rd)

3] per unit total solid volume of coarse 
and fine grains in the mix. It leads to (ef)eq:
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         (IV-1)

Ne depends on void ratio e, Rd, packing of the fine grain 
skeleton, and proximity between coarse grains. 

Disc-like particles: Consider a disc-like two-size 
particle arrangement shown in Fig.IV-1. The size 
disparity ratio is Rd [=diameter ratio (D/d)] and thickness 
ratio is (T/t)= Rt. Let Nf be the number of contacts that a 
fine grain (far from the coarse grain) makes with other 
fine grains surrounding it. Let Nc be the number of 
contacts that a dispersed coarse grain makes with the 
fine grains surrounding it. Neglect the influence of the 
larger disc on the packing of the smaller discs located 
away from the larger disc. Then Ne=Nc/Nf. For the case 
shown in Fig.IV-1, the angle, made by two adjacenet 
fine grains in contact with a coarser grain, at the center 
of the coarse grain is arcsin[2/(Rd+1)]. Nc approaches 

Spherical particles: Consider spherical particles 
arranged in a simple cubic array. The corresponding Nf=6. 
The locus of the centers of the fine grains in contact with 
a dispersed coarse grain is given by a sphere of diameter 
(Rd+1)d with its center coinciding with the center of the 
dispersed coarse grain. Accordingly Nc is approximately 
given by [π(Rd+1)2], for large Rd. Ne is approximately 
given by [π(Rd+1)2/6 =βRd

2, β<1]. The equivalent fine 
grain solid volume per unit solid volume of the dispersed 
coarse grain is given by Ne(d/D)3=π(Rd+1) 2/(6Rd

3) [=β/Rd, 
β<1, β approaches π/6 for large Rd], leading to the same 
expression as Eq.(VI-2) for (ef)eq.

In reality, however, the reinforcement effect of a 
coarse grain embedded in a fine grain matrix is due 
to more reasons than mere contacts in its immediate 
vicinity. Mechanical response depends on the active 
contacts as well as the kinematic constraints for 
deformation. A coarse grain also influences contacts 
beyond its immediate vicinity and introduces kinematic 
constraints for deformation of other fine particles 
beyond its immediate vicinity. The effective Ne must 
be larger than βRd

2. But it must be smaller than (Rd)
3 

for the reasons discussed before. Physically this means 
that Ne grows faster than the growth rate of surface area 
growth ratio (Rd)

2 but slower than solid volume growth 
ratio (Rd)

3. To account for this deficiency in Eq.(IV-2), 
Ne is approximated to be (Rd)

3-m, where 0<m<1.0, 
leading to Eq.(6). The parameter m could be obtained 
experimentally.

Fine

Coarse
Size ratio=1
Vol.ratio=1
Nf=6, Nc=6

Contact ratio,
Ne=Nf/Nc=1

Size ratio=10
Vol.ratio=1000
Nf=6, Nc=340
Ne=340/6=57

Viz. replace each coarse
grain by 57 fine grains

Fig. IV-1   Contact ratio-Ne vs Rd: disc-like particle mix

                    (a) Rd = 1          (b) Rd = 10
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