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tions. The relationship between the critical slip circles through the embankment with
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ing graphs allow the user to obtain the solutions using hand computations. A simple
computer program in the form of a worksheet was developed to quickly obtain the final
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1 INTRODUCTION

Limit equilibrium analyses using the method of slices are widely used for solving
slope stability problems. The main advantage of this method is that a solution can be
obtained for an irregular slip surface with complicated cases of boundary load, embank-
ment configuration, and nonhomogeneous foundation soil. However, this method re-
quires a large amount of computation and an arbitrary iteration process for obtaining
the overall minimum factor of safety. Some well known slope stability computer pro-
grams using limit equilibrium method of slices are available such as, SB-SLOPE (Von
Gunten Software Inc.) and PC-STABL6 (U.S Department of Transportation 1986).
However, these programs are based on the simplified Bishop method (Bishop 1955),
and usually require an experienced user for reliable solutions. Also, some characteris-
tics of embankments on soft clay are not fully incorporated into the programs. The SB-
SLOPE program can only be used for rotational stability analysis of unreinforced em-
bankments without wet tensile cracks. The PC-STABL6 program incorporates the
simplified Bishop method (Bishop 1955) with modifications to consider the effect of
reinforcement layers that provide a resisting moment. PC-STABL6 can be applied to
both reinforced and unreinforced embankments but not to embankments with tensile
cracks. Moreover, the reinforcement force incorporated into the program is a free body
force, and thus, the increase of the embankment soil strength provided by the reinforce-
ment force perpendicular to the slip surface is included.

Embankments constructed on soft ground are typically not very high and are often
built quickly. Conventionally, to determine embankment stability at the end of
construction, a total stress analysis assuming a circular slip surface is carried out. The
factor of safety of a reinforced embankment can be obtained from the moment equilibri-
um of the circular sliding block considering the additional resisting moment provided
by the reinforcement (Milligan and Busbridge 1983; Kaniraj 1994; Holtz et al. 1995).

Based on the moment equilibrium of the circular slip block of unreinforced embank-
ments without a berm, Low (1989) has shown that the factor of safety can be expressed
as a function of the coordinates, xC and yC , of the center of the slip circle. Partial differ-
entiation of the factor of safety expression with respect to xC and yC led to the solutions
for the location of the critical slip circle and the minimum factor of safety, for a given
limiting tangent, in the form of simple equations. The overall minimum factor of safety
can be calculated directly by considering different limiting tangents.

The work of Low(1989) was extended by Kaniraj (1994) for the cases of unreinforced
and reinforced embankments having a berm and a dry tensile crack. An excavation out-
side the berm was also included in the study by Kaniraj; however, the solution is valid
only if the entire excavation is located inside the slip circle. For reinforced embank-
ments, three separate solutions are presented by Kaniraj for three distinct cases of the
mobilized reinforcement force direction, namely: the horizontal, bisectional, and tan-
gential directions. Also, only one layer of reinforcement is considered and the addition-
al friction caused by the reinforcement force normal to the slip surface was not ac-
counted for.

Based on the unreinforced embankment studies performed by Low and Kaniraj, the
solutions for the general case of an embankment having a berm, a dry or wet tensile
crack, and multiple layers of reinforcement are developed further in this paper. The gen-
eralized solution for embankments with and without reinforcement are derived. The
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solution for unreinforced embankments is obtained by assuming a reinforced embank-
ment with a reinforcement force value of zero. For reinforced embankments, any orien-
tation of the reinforcement force, from the horizontal to the tangential direction of the
slip circle, is applicable. The additional friction caused by the reinforcement force nor-
mal to the slip surface is also included. Embankments with a two-step berm and/or a
uniform distributed load acting on the embankment crest can be applied to the general-
ized solution. The solutions are presented in the form of simple equations that can be
easily used to produce tables or graphs by hand calculation. The relationship between
critical slip circles through embankments with and without reinforcement is expressed
explicitly. Analysis procedures and supporting graphs allow the user to obtain the solu-
tion using hand computations. Furthermore, a small computer program requiring sim-
ple data entry in the form of a worksheet has been developed to quickly obtain the final
results.

The general embankment on soft clay configuration to be analyzed is illustrated in
Figure 1. The method of analysis and systematic derivations are given in the following
sections. The applications are extended to derive solutions, analysis procedures, and
illustrative examples for the case of an embankment having a two-step berm (Figure
2) and distributed load. Finally, comparisons are made between the results obtained in
this study and the method of slices using the computer programs PC-STABL6 and SB-
SLOPE.
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Figure 2. A two-step berm embankment and its equivalent one-step berm embankment.
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2 METHOD OF ANALYSIS

2.1 General

Figure 1 shows an arbitrary slip circle tangential to a limiting tangent at depth D. The
slip circle encloses a berm, and terminates at the bottom of a vertical, wet or dry crack
of height Hc . The terminal point B is assumed to lie within the embankment crest. The
embankment has a total height of H, a berm height of n1H, a berm width of n2H, and
a side slope of n horizontal to 1 vertical. Multiple layers of reinforcement are assumed
to be placed at heights ak above the ground surface and within the uncracked zone of
height, Hi. The origin of the axes, (x,y), is assumed to be at the level of the limiting tan-
gent, on the vertical line passing through the toe (point G) of the embankment. The coor-
dinates of the center of the slip circle are denoted (xc , yc).

2.2 Equilibrium Condition and Definition of the Factor of Safety

The factor of safety, FS, is defined based on the moment equilibrium of the circular
slip block IMFEB in Figure 1 as follows:

(1)FS= MR

MO

The overturning moment, MO , and resisting moment, MR , corresponding to Figure 1,
are expressed as follows:

(2)MO= MOE−MOB+MOC+MOW

MR= MRR−MRF+MRE (3)

where: MOE = overturning moment caused by the embankment within the uncracked
zone GFEEiG; MOB = overturning moment caused by the berm KLLiGK; MOC = over-
turning moment caused by the cracked zone ABEEiA; MOW = overturning moment
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caused by the water pressure in the wet crack; MRR = resisting moment caused by the
reinforcement; MRF = resisting moment caused by the foundation soils; and MRE = resist-
ing moment caused by the embankment fill within the uncracked zone.

2.3 Overturning Moment

The overturning moment caused by the embankment fill (Low 1989) is re-written for
the zone of no tensile crack, GFEEiG, as:

(4)MOE =
γH′
2
− xc

2+nH′xc+2ycD+H′
2
 −H′2

3
n2+ 1

4
− D+H′

2
2

where: γ = total unit weight of the embankment fill; Hi = height of the uncracked zone
of the embankment; xc = x-coordinate of the center of the slip circle; n = cotangent of
the embankment side slope angle; yc = radius of the slip circle through the reinforced
embankment; and D = tangent depth of the slip surface (Figure 1).

The overturning moment caused by the crack zone ABEEiA is presented by Kaniraj
(1994) as:

(5)
MOC= γHc[− 3x2

c+ 3nxc(H+H′)+6yc(D+H′)− 3(D+H′2)

− n2(H2+H′2+HH′)]∕6

The moment caused by the berm KLLiGK is obtained from Figure 1 as:

(6)MOB= n1n2γH2[0.5(n2− n1n)H+xc]

The overturning moment caused by water pressure in the tensile crack is expressed
as:

(7)MOW= 0.5γwH2
c[yc− (D+H′+Hc∕3)]

where γw equals the unit weight of water for a wet tensile crack (= 0 for a dry tensile
crack).

2.4 Resisting Moment

The resisting moment provided by the reinforcement, assuming the reinforcement is
placed within the uncracked zone, is calculated as follows:

(8)MRR= TRyc
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where TR is the sum of resulting reinforcement forces in the tangential direction to the
slip circle, and is calculated using the following equation:

TR= TR, k

TR, k= Treq, k (cosαk+Cf sinαk tanÔ)

(9a)

(9b)

where: TR,k = resulting force in the tangential direction provided by the reinforcement
layer k; Treq,k = required tensile force that is equal to the product of the factor of safety
of the reinforced embankment, FS, and the mobilized tensile force in the reinforcement
layer k; αk = angle between the required reinforcement tensile force, Treq,k , and the re-
sulting reinforcement force, TR , for reinforcement layer k in an equilibrium state; Cf =
coefficient of the behavior of the reinforcement force; and Ô= total stress friction angle
of embankment fill. In Equation 9b, the value of Cf can be equal to 0 or 1 when assuming
that the reinforcement force is a free body force, or a force modifying the embankment
soil strength, respectively (Bonaparte and Christopher 1987). It is noted that the rein-
forcement tensile force, Treq,k , can be divided into two components, namely: the normal
component, Treq,k sinαk ; and the tangential component, Treq,k cosαk . For a frictional em-
bankment fill with multiple layers of reinforcement, the normal component of the rein-
forcement force will yield an additional frictional resistance (modifying the embank-
ment soil strength), Treq,ksinαktanÔ, that can be included in Equation 9b by setting the
value of Cf to 1.0. However, for a single layer of reinforcement placed directly on the
soft ground, some of the reinforcement force is transmitted into the soft foundation and
is not available to strengthen the embankment fill. Therefore, the reinforcement tensile
force should be conservatively modelled as a free body force that does not effect the
strength of the embankment fill.

The resisting moments, MRF and MRE , are given by Low (1989) and Kaniraj (1994),
respectively, as follows:

MRF= 3.06suD0.53y1.47
c (10)

(11)MRE= 1.53(c+ γHλ tanÔ)[(D+ H′)0.53− D0.53]y1.47
c

where: su = undrained shear strength; c = cohesion of embankment fill; and λ = averag-
ing coefficient for the frictional stress in the embankment given by Low (1989) as:

(12)λ= 0.19+ 0.02n∕(D∕H) for D∕H≥ 0.5

By substituting MRR , MRF , and MRE from Equations 8, 10, and 11 into Equation 3, and
simplifying and rearranging, the following expression for MR is obtained:

(13)MR= γH(SFKF+ SEKE+ SRKE)y1.47
c

where:
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(14)

(15)

(16)

(17)

(18)

SF=
su

γH

SE= c
γH+ λ tanÔ

SR=
TR

γHKEy0.47
c

(19)

KF= 3.06D0.53

KE= 1.53[(D+ βH)0.53−D0.53]

β= H′∕H= 1− (Hc∕H)

In Equation 14, su is the constant undrained shear strength for a uniform foundation soil.
If the the undrained shear strength varies with depth, the equivalent undrained shear
strength of the foundation soil along the slip circle, corresponding to the limiting tan-
gent, D, is calculated using the following equation:

(20)su = 1
2D0.53
n−1

j=1

(y0.53
j − y0.53

j+1)(su,j+ su,j+1)

where yj and su, j are the y-coordinate and undrained shear strength, respectively, at the
top of soil layer j (Figure 1).

2.5 Location of the Critical Slip Surface

From the expressions for MO and MR (Equations 2 and 13, respectively), the factor of
safety, FS, for a given limiting tangent is expressed as a function of xc and yc as follows:

(21)FS= f (xc, yc)= MR∕MO

The location of the critical slip surface is obtained by performing partial differentiation
of Equation 21 with respect to xc and yc and equating them to zero. The following equa-
tion is obtained by differentiating Equation 21 with respect to xc and equating to zero:

(22)
∂MR

∂xc
MO−

∂MO

∂xc
MR= 0

As seen in Equation 13, MR is independent of xc . Thus, Equation 22 yields:
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(23)
∂MO

∂xc
= 0

By substituting MO from Equation 2 into Equation 23, the x-coordinate of the critical
circle center, xc , is obtained using the following equation:

(24)
xc

H=
n
2− n1n2

By substituting xc from Equation 24 into Equations 4, 5, 6, 7, and 2, and simplifying and
rearranging, the overturning moment is expressed as a linear function of yc :

(25)MO= γH(Ayc+ B)

where:

(26)A= H(Ao+ Aw)

Ao= D
H−

β2

2 + β

Aw=
γw

2γ (1− β)2

Bo= β21−D
H−

2
3 β
+ 2βDH+ DH

2

+ n2

12

Bw=
γw

γ (1− β)2D
H
+ 1

3
(2β+ 1)

Bb= n1n2(1− n1)(n+ n2)

B=− 0.5H2(Bo+ Bb+ Bw) (27)

(28)

(29)

(30)

(31)

(32)

The following equation is obtained by performing a partial differentiation of f(xc , yc)
on Equation 21 with respect to yc and equating to zero:

(33)
∂MR

∂yc
MO−

∂MO

∂yc
MR= 0

Equation 25 gives:
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(34)
∂MO

∂yc
= AγH

Equations 13 and 16 yield:

(35)
∂MR

∂yc
= γH1.47(SFKF+ SEKE)+ SRKE

y0.47
c

The following equation is obtained by substituting MR and MO from Equations 13 and
25 and terms from Equations 34 and 35 into Equation 33, and simplifying and rearrang-
ing:

(36)yc=− 3.13 B
A
1+ 0.68

SRKE

SFKF+ SEKE


Equations 24 and 36 are general expressions for the critical slip surface through an em-
bankment on soft clay with and without reinforcement. Without reinforcement, the
normalized reinforcement strength, SR , in Equation 36 is equal to zero, thus the coordi-
nate of the critical slip circle for the unreinforced embankment, y0 , is derived from
Equation 36 as:

(37)yo=− 3.13 B
A

2.6 Critical Slip Circle and Factor of Safety of an Unreinforced Embankment

2.6.1 Critical Slip Circle

Substituting A and B from Equations 26 and 27 into Equation 37, gives the following
equation:

(38)
yo

H = C1+ βnC2

where:

(39)βn= n2∕12+ n1n2(1− n1)(n− n2)

C1= (Bo+ Bw− n2∕12)C2

C2= 1.565∕(Ao+ Aw)

(40)

(41)
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The constants C1 and C2 are written explicitly with the subscripts D and W for the cases
of dry and wet tensile cracks, respectively, as demonstrated in the following sections.

Dry Tensile Crack Using C1 = C1D and C2 = C2D . Substituting Ao , Aw , Bo and Bw from
Equations 28 to 31 into Equations 40 and 41 and using γw = 0, the equations for C1D and
C2D are derived as follows:

(42)C1D= β21−D
H
− 2

3
β+ 2βD

H
+D

H
2C2D

C2D= 1.565

D
H−

β2

2 + β (43)

Wet Tensile Crack Using C1 = C1W and C2 = C2W . Assuming γw = 0.5γ, Equations 40
and 41 lead to:

(44)

(45)

C1W= β27
6
− 1

2
D
H
− β+ β+ 1

2
D

H
+ D

H
2+ 1

6
C2W

C2W= 1.565

D
H−

β2

4 +
β
2+

1
4


2.6.2 Factor of Safety

The factor of safety is obtained from Equations 1 and 33 as follows:

(46)FS=

∂MR

∂yc

∂MO

∂yc

Substituting Equations 34 and 35 into Equation 46, using SR = 0 and yc = yo for the case
of no reinforcement, and substituting from Equations 17, 18, 26 and 41, rearranging and
simplifying, the factor of safety of the unreinforced embankment, FS0 , is derived as:

(47)FSo= 2.874C2
SF+ C3SE

D
H
0.53yo

H
0.47

where:
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(48)C3= 0.5




1+ β
D
H


0.53

− 1



2.7 Critical Slip Surface and Required Tensile Force for a Reinforced
Embankment

2.7.1 Relationship Between Critical Slip Circles of Reinforced and Unreinforced
Embankments

For a given limiting tangent, D, let RF be the ratio, FS/FSo , where FS and FSo are
the factors of safety of the corresponding reinforced and unreinforced embankments,
respectively, then the following equation is derived from Equations 1, 13 and 25:

(49)RF= 1+ SRKE

SFKF+ SEKE

yc
yo
1.47 Ayo+ B

Ayc+ B

Combining Equations 36, 37 and 49 gives the following:

(50)
yc
yo
= RF0.68

The value of the radius ratio, yc/yo , of the critical slip circles with and without reinforce-
ment increases as a power function with increasing factor of safety ratio values, RF.
Equation 50 implies that higher reinforcement forces yield larger critical slip surfaces
for a limiting tangent.

2.7.2 Required Resulting Force of the Reinforcement, TR

From Equations 36, 37 and 50, the normalized reinforcement strength, SR , is written
in the following form:

(51)SR=
SFKF+ SEKE

0.68KE

RF0.68− 1

The normalized resulting reinforcement force is obtained by substituting SR from Equa-
tion 16 into Equation 51, substituting other terms from Equations 17, 18, and 47, and
then rearranging and simplifying to give:

(52)
TR

γH2
= 1.565

FSo

C2

RF− RF0.32
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Equation 52 indicates that the required resulting reinforcement force in the tangential
direction, TR, is normalized as a function of the factor of safety ratio, RF, and the factor
of safety, FS0 , of the corresponding unreinforced embankment, for a given limiting tan-
gent.

2.7.3 Required Tensile Force of the Reinforcement, Treq

From Equations 52 and 9, the resulting force for any reinforcement layer k, TR,k , can
be calculated. Then, the required tensile force, Treq,k , that is equal to the product of the
mobilized tensile force in the reinforcement and the design factor of safety, FS, of the
reinforced embankment can be calculated if the inclination angles, αk , in the equilibri-
um state are known. The values of αk are often calculated from the assumed values of
the inclination factor, If,k , and are defined as:

(53)If,k= 1− αk∕θk

where θk is the angle between the horizontal and the tangential directions at the intersec-
tion of reinforcement layer k and the slip surface.
From Equation 53 and Figure 1, the following equation can be derived:

(54)αk= (1− If,k) cos--11−D+ ak
yc


The required tensile force for any reinforcement layer k, Treq,k , is derived from Equation
9b as follows:

(55)Treq,k=
TR,k

(cosαk+ Cf sinαk tanÔ)

3 APPLICATIONS

3.1 Two-Step Berm Embankment

A two-step berm embankment can be converted to an equivalent one-step berm em-
bankment as shown in Figure 2. By equating the moments about the y-axis caused by
the berms, the dimensions of the equivalent one-step berm are obtained as follows:

(56)He= δ′ − xe
n

We= 2xe+ nHe (57)
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where He and We are the height and width of the equivalent one-step berm, respectively,
and the other parameters are defined as follows:

(58)

(59)

xe=
W1H1(W1− nH1)+W2H2(2W1+W2− nH2)

2(H1W1+H2W2)

δ′ = xe

n
2

+H1W1+H2W2
n

3.2 Embankment With a Uniform Distributed Load

The uniform distributed load, q, acting on the crest of the embankment is approxi-
mated by an additional crack height, ∆Hc = q/γ . The solution is then obtained as an
equivalent embankment with no load, having an embankment height, H*, and crack
height, Hc*, as follows:

H*= H+ ∆Hc

H*
c = Hc+ ∆Hc

(60a)

(60b)

3.3 Analysis Procedure

3.3.1 Hand Computation

The procedure for performing a rotational stability analysis using the solution pre-
sented in this paper is summarized in the following steps.

Step 1. From the embankment configuration (Figures 1 or 2), determine the following
values: the geometry factors n, n1 and n2 ; the slope factor, βn (Equation 39); and, the
tensile crack factor, β = Hi/H.

Step 2. For a trial tangent depth, D, use Figures 3a or 3b to obtain the values of C1 ,
C2 , and C3 for dry or wet tensile cracks, respectively. Use Equations 14 and 15 to calcu-
late the normalized strength parameters SF and SE .

Step 3. Use Equations 38 and 47 to calculate the normalized radius, yo/H, and the fac-
tor of safety, FSo , respectively, of the unreinforced embankment.

Step 4. For the desired factor of safety, FS, of the reinforced embankment, use Equa-
tion 52 to compute the required resulting force in the tangential direction, TR .

Step 5. Repeat Steps 2 to 4 for several trial depths. Draw the relation of FSo versus
D and TR versus D to obtain the overall minimum factor of safety of the unreinforced
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Figure 3. Coefficients C1 , C2 and C3 : (a) dry tensile crack; (b) wet tensile crack.
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embankment, FSo,min , and overall maximum resulting force, TR,max . Use Equations 38
and 50 to calculate the radius, yc , of the critical slip circle yielding TR,max .

Step 6. Use Equation 54 to calculate the inclination angle, αk , for each reinforcement
layer. Use Equation 9a to calculate the resulting forces, TR,k . Finally, the required tensile
force, Treq,k , for each reinforcement layer is calculated using Equation 55.

3.3.2 Computer Program

The solution presented in this paper is easily programmed for analysis using a person-
al computer. A computer program, WSTABL1, that requires simple input was devel-
oped in a QuattroPro worksheet. The user is required to input the following: the em-
bankment configuration; the crack height; the strength parameters of the embankment
fill and foundation soils; the required factor of safety for the reinforced embankment;
and the number of reinforcement layers and their locations as illustrated in Figure 4.
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Figure 4. Input worksheet for Example 1 using the WSTABL1 program.

Figure 5 shows the graphical output including the overall minimum factor of safety for
the unreinforced case, the maximum required tension forces, and the input information.
The options in this program are: analysis of a two-step berm embankment; use of a dis-
tributed load; and a reinforcement force that acts as a free body force, or a reinforcement
force that modifies the embankment soil strength.

3.4 Illustrative Examples

Three examples of an embankment on soft clay are presented in this section. The first
example is an embankment with a berm, and a wet tensile crack. The second and third
examples are a two-step berm embankment, and an embankment with a distributed
load, respectively. For all of the examples, the embankment fill has the following prop-
erties: soil friction angle, Ô = 30_; cohesion, c = 10 kPa; and a unit weight of 18 kN/m3.
The undrained shear strength of the foundation soils vary with depth as shown in Table
1, and the reinforcement is assumed to modify the embankment soil strength (Cf = 1).
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Figure 5. Results of Example 1 using the WSTABL1 program.

Table 1. Undrained shear strength of the foundation soils.

Depth (m) 0 1 2 3 4 5 6 7 8 9 10 12 14

su (kPa) 14.0 12.3 10.7 9.0 9.0 9.0 9.0 11.0 13.0 15.0 17.0 21.0 25.0
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Example 1. The embankment dimensions are as follows: height, H = 4 m; side slope,
n = 2; berm width, W1 = 10 m; berm height, H1 = 1.5 m; and height of wet tensile crack,
Hc = 2.4 m (Figure 6). Two layers of reinforcement are placed at 0.3 and 0.6 m above
the ground surface for the purpose of obtaining a required factor of safety of 1.30 for
the reinforced embankment. The inclination factor, If = 0.5, is assumed for both rein-
forcement layers. Calculate FSo , TR and Treq for the example parameters.

From the above embankment configuration the following values are obtained using
Equation 39: β = (4 - 2.4)/4 = 0.40; n1 = H1/H = 0.375; n2 = W1/H = 2.5; and βn = 2.97.

Using a trial depth, D = 4 m: su = 10.2 kPa (Equation 20); SF = 0.141 (Equation 14);
and SE = 0.272 (Equation 15).

For D/H = 4/4 = 1 and β = 0.4, Figure 3b gives: C2W = 1.110; C1W = 2.341; and C3 =
0.098.

Equations 38 and 47 give: yo/H = 5.64; and FSo = 1.208 for an unreinforced embank-
ment.

The required resulting force for FS = 1.30 is TR = 27 kN/m (Equation 52).
Repeating the above procedure for the other trial depths, one obtains FS0 values of

0.996, 0.993 and 1.095 together with TR values of the required resulting force of 124,
157, and 124 kN/m corresponding to tangent depths of D = 6, 8 and 10 m, respectively.

Plotting FSo and TR versus tangent depth, D, the overall minimum factor of safety for
an unreinforced embankment, FSo,min = 0.969 at D = 7 m, and the maximum required
resulting force, TR,max = 157 kN/m at D = 8 m, are obtained.

For a limiting tangent depth, D= 8 m, the following values are calculated: yo/H = 5.78;
FSo = 0.993; RF = 1.309; and, yc = 27.77 m. With If = 0.5 and yc = 27.77 m, Equation
54 yieldsα1 = 23_ andα2 = 23.4_. Finally, Equation 55 gives the required tension forces
in reinforcement layers 1 and 2 of Treq,1 = Treq,2 = 68.5 kN/m.

If the computer program, WSTABL1, is used to perform the above calculations, the
required input parameters are: strength parameter values of the embankment fill and
foundation soils; embankment configuration; and reinforcement parameters as shown
in Figure 4. Figure 5 gives the resulting output.

Figure 6. Embankment configuration for Example 1.

2
1 1.5 m

10 m

2
1

4 m
2.4 m

END OF EXAMPLE 1
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Example 2. The two-step berm embankment dimensions are as follows: height, H =
5.5 m; no tensile cracks; side slope, n = 2; W1 = 7.5 m; H1 = 3.0 m; W2 = 10 m; and H2

= 1.5 m. The required factor of safety, FS = 1.3, there is one layer of reinforcement
placed 1.5 m above ground surface, and If = 0. Calculate FSo , TR and Treq for the example
parameters.

For an equivalent one-step berm embankment: Equations 58 and 59 give: δi = 24.63
m2 and xe = 4.85 m. Equations 56 and 57 yield the following dimensions of an equiva-
lent one-step berm: He = 2.54 m and We = 14.78 m.

Applying the same procedure that is used in Example 1 for an equivalent embank-
ment height of H = 5.5 m, a berm width of 14.78 m, and a berm height of 2.54 m, the
following final results are obtained:

S overall minimum factor of safety for an unreinforced embankment: FS0 = 0.931;
S maximum required resulting force: TR = 301 kN/m; and
S maximum required tensile force: Treq = 269 kN/m.

END OF EXAMPLE 2

Example 3. Using the same input as in Example 1, with no tensile cracks, and a uni-
form distributed load of 10 kPa acting on top of the embankment, calculate FSo , TR and
Treq for the example parameters.

For an equivalent embankment without an external load, the equivalent tensile crack
for a 10 kPa uniform load is, ∆Hc = q/γ = 10/18 = 0.556 m. Equation 60b then gives,
Hc* = 0 + 0.556 = 0.556 m, H* = 4 + 0.566 = 4.566 m.

Using an embankment height of 4.566 m, and a crack height of 0.566 m, the final solu-
tion for Example 3 is obtained as follows:

S overall minimum factor of safety for an unreinforced embankment: FSo = 0.925;
S maximum required resulting force: TR = 219 kN/m; and
S maximum required tensile forces: Treq,1 = Treq,2 = 96 kN/m.

END OF EXAMPLE 3

3.5 Comparison of Calculated Results

Three cases of an embankment constructed on soft clay are examined using the pro-
gram WSTABL1, and are compared to the results calculated by the method of slices
using the computer programs, PC-STABL6 and SB-SLOPE (Table 2). The first two
cases deal with an embankment having one and two-step berms, with and without a uni-
form distributed load acting on top of the embankment. Example 3 is a re-analysis of
a full-scale test embankment constructed on soft Bangkok clay, namely: Nong Ngu Hao
Test Fill III (Asian Institute of Technology 1973). The test fill was built quickly to fai-
lure. When an embankment fill thickness of 3.4 m was reached, a tensile crack was ob-
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served on the crest of embankment. The embankment failed on the same day after the
development of the tensile crack, without an increase in fill thickness. The embankment
fill was a silty sand having a total unit weight, γ = 18 kN/m3, friction angle, Ô = 30_,
and cohesion, c = 10 kPa. The undrained shear strength of foundation soils varied with
depth (Table 1).

The results of the analyses are summarized in Table 2. It is seen that the maximum
difference in the factors of safety obtained from the method presented herein and the
method of slices using PC-STABL6 is less than 2 and 4% for unreinforced and rein-
forced embankments, respectively. Furthermore, factor of safety values of 0.98 (with
a crack) and 1.03 (no cracks) were calculated using WSTABL1 for an embankment test
fill with no berms (Table 2) that are close to the values calculated using SB-SLOPE.
These results indicate that the method developed in this paper can yield a reliable stabil-
ity calculation for embankments on soft ground.

Table 2. Comparison of stability analysis results.

Berm 1 Berm 2 Load Factor of safety Rein.

Case
H

(m)
n

Hc

(m) W1 H1 W2 H2 q Unreinforced Reinforced TR(m) (m) 1

(m)

1

(m)

2

(m)

2

(m)

q

(kPa) (1) (2) (3) (1) (2)

R

(kN/m)

One-step berm

No cracks 4.0 2 0.0 10.0 1.5 0.0 0.0 0.0 1.04 1.05 1.04 1.33 1.30 118

With a crack 4.0 2 2.4 10.0 1.5 0.0 0.0 0.0 * 1.00 0.95 * 1.30 132

With a load 4.0 2 0.0 10.0 1.5 0.0 0.0 10.0 0.92 0.93 0.90 1.33 1.30 219

Two-step berm

No cracks 5.5 2 0.0 7.5 3.0 10.0 1.5 0.0 0.94 0.93 0.93 1.34 1.30 301

With a crack 5.5 2 2.5 7.5 3.0 10.0 1.5 0.0 * 0.88 0.87 * 1.30 326

With a load 5.5 2 0.0 7.5 3.0 10.0 1.5 10.0 0.86 0.85 0.84 1.35 1.30 432

No berms

No cracks 3.4 3 0.0 0.0 0.0 0.0 0.0 0.0 1.05 1.03 0.98

With a crack 3.4 3 1.2 0.0 0.0 0.0 0.0 0.0 * 0.98 0.95

Notes: (1) = PC-STABL6 program; (2) = WSTABL1, the program developed in this study; (3) = SB-SLOPE
program. *Option not available in the program. W1 , H1 , W2 , H2 = width and height of berms 1 and 2; TR =
resulting reinforcement force in the tangential direction. The case with no berms is used for the Nong Ngu Hao
Test Fill III embankment (Asian Institute of Technology 1973).
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4 CONCLUSIONS

Solutions for the stability analysis of embankments with and without reinforcement,
and constructed on soft ground with an undrained shear strength profile varying with
depth are presented in this paper. The general case of an embankment having either a
dry or wet tensile crack, a berm, and/or multiple layers of reinforcement with mobilized
tensile forces acting in any orientation from the horizontal to tangential direction of the
failure surface are considered. The friction component created by the reinforcement
force is also considered. Different applications of the general solution (embankment
with a two-step berm, and a distributed load acting on top of the embankment) are de-
rived. Analysis procedures and illustrative examples are presented. Comparisons of the
results calculated from different methods, using common embankment configurations
on soft ground including a full-scale test embankment built to failure, are presented.
The main results of this study are summarized as follows:

1. General solutions for rotational stability analysis of an embankment on soft ground
with and without reinforcement are derived in the form of simple equations. The
factor of safety for an unreinforced embankment, and the required reinforcement
force for a reinforced embankment are obtained directly without iterative computa-
tions, for a given limiting tangent.

2. The analysis procedures and supporting graphs allow the user to obtain solutions us-
ing hand computations. Furthermore, a small computer program requiring minimal
input in the form of a worksheet, was developed to quickly obtain the overall mini-
mum factor of safety of an unreinforced embankment together with the maximum
required tensile forces in each layer of reinforcement.

3. For a limiting tangent, the relationship between the critical slip circles through the
embankment with and without reinforcement is expressed explicitly. The required
resulting force of the reinforcement is derived as a function of the factors of safety
of an embankment with and without reinforcement.

4. Good agreement between the proposed method of analysis with the results calcu-
lated using the method of slices computer programs, PC-STABL6 and SB-SLOPE,
for common embankment configurations on soft clay are achieved. Moreover, near-
ly identical factors of safety are obtained in the re-analysis of a full-scale test em-
bankment built to failure, indicating that the method presented herein can yield reli-
able solutions for the stability analysis of embankments on soft clay.
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NOTATIONS

Basic SI units are given in parentheses.

ak = vertical distance from reinforcement layer k to the ground surface (m)
B1 , B2 = width of berms (m)
c = cohesion of the embankment fill in terms of total stress (Pa)
C1 , C2 , C3 = coefficients (dimensionless)
C1D , C2D = coefficients for dry cracks in an embankment (dimensionless)
C1W , C2W = coefficients for wet cracks in an embankment (dimensionless)
Cf = coefficient for the mobilized reinforcement force (dimensionless)
D = tangent depth of the slip surface (m)
FS = factor of safety for the reinforced embankment (dimensionless)
FSo = factor of safety for the unreinforced embankment (dimensionless)
H = height of the embankment (m)
H1 , H2 = width of berms (m)
Hc , Hi = height of the cracked and uncracked zones, respectively (m)
Hc

* = equivalent crack height of an embankment with a distributed load (m)
He = equivalent height for a two-step berm embankment (m)
H* = equivalent height for an embankment with a distributed load (m)
If = inclination factor (dimensionless)
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MO = overturning moment (N-m/m)
MOB = overturning moment caused by the berm (N-m/m)
MOC = overturning moment caused by the cracked zone in the embankment fill

(N-m/m)
MOE = overturning moment caused by the embankment within the uncracked

zone (N-m/m)
MOW = overturning moment caused by water pressure in a wet crack (N-m/m)
MR = resisting moment (N-m/m)
MRE = resisting moment provided by the embankment fill (N-m/m)
MRF = resisting moment provided by the foundation soils (N-m/m)
MRR = resisting moment provided by the reinforcement (N-m/m)
n = cotangent of the embankment side slope angle (dimensionless)
n1 , n2 = normalized values of berm height and berm width (dimensionless)
q = distributed load on the crest of an embankment (Pa)
RF = factor of safety ratio (dimensionless)
su = equivalent undrained shear strength of the foundation soils (Pa)
su, j = undrained shear strength of subsoil layer j (Pa)
SE = normalized strength parameter for the embankment fill (dimensionless)
SF = normalized strength parameter for the foundation soils (dimensionless)
SR = normalized strength parameter for the reinforcement (dimensionless)
TR = resulting reinforcement force in the tangential direction (N/m)
Treq = required reinforcement tensile force (N/m)
We = width of the one-step berm (m)
x = horizontal coordinate (m)
xc = x-coordinate of the center of slip circle (m)
y = vertical coordinate (m)
y0 = radius of the slip circle through an unreinforced embankment (m)
yc = radius of the slip circle through a reinforced embankment (m)
αk = angle between the required reinforcement tensile force and the resulting

reinforcement force for reinforcement layer k (Figure 1) (degrees)
β = crack factor (dimensionless)
βn = slope factor (dimensionless)
γ = unit weight of the embankment fill (N/m3)
γw = unit weight of water (N/m3)
θk = angle between the horizontal and the tangent at reinforcement layer k

(degrees)
λ = averaging coefficient for frictional stress in the embankment

(dimensionless)
Ô = total stress friction angle of the embankment fill (degrees)


